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INTRODUCTION fi? 4 
"Once an in te rp lane tary  mission i s  defined, such 

a s  the  delivery of a s c i e n t i f i c  payload t o  a planet 
o r  the  execution of an exploratory manned round t r i p  
t o  Mars, a preliminary planning phase must be en- 
t e r ed  t h a t  may be defined as mission analysis.  The 
ultimate, bu t  never completely attained, goal of 
mission analysis i s  the  accurate determination of 
such th ings  as cost, f ea s ib i l i t y ,  and design re- 
quirements of proposed vehicle systems. 

Y 

To make the  problem more def in i t ive ,  a f igure  
of merit i s  usually chosen and i s  optimized under 
the  influence of a host  of p rac t i ca l  and ana ly t i ca l  
cons t ra in ts .  One of t he  most readi ly  accepted f ig-  
ures of merit t h a t  may be chosen t o  be optimized i n  
mission ana lys i s  i s  t h e  vehicle gross weight f o r  
some spec i f ied  payload. In te rp lane tary  missions 
with low-thrust rocket vehicles a re  a t t r a c t i v e  be- 
cause they promise low propellant weight require- 
ments. I n  the  case of e l e c t r i c  propulsion, t h i s  ef-  
f e c t  i s  primarily o f f s e t  by high powerplant weight 
requirements and th rus to r  capab i l i t y  l imi ta t ions .  
But it is  a l so  desirous t o  examine the  e f f ec t  of 
performance fea tures  and l imi t a t ions  of many other  
vehicle subsystems, such a s  propellant storage and 
feed systems and b io logica l  rad ia t ion  shielding. 
Therefore, t o t a l  mission ana lys i s  involves appropri- 
a t e  compromise of a l l  pa r t s  of the  in tegra ted  vehi- 
c l e  with mission p ro f i l e  and energy requirements. 

This paper i s  concerned with t r a j ec to ry  analy- 
sis, a f i e l d  of study t h a t  i s  important i n  mission 
analysis.  The purpose of t h i s  paper i s  t o  present 
some of t h e  standard procedures and r e s u l t s  of low- 
t h r u s t  t r a j e c t o r y  methods t h a t  a r e  i n  use by the  
Mission Analysis Branch at  the  NASA Lewis Research 
Center and t o  describe a more recent ly  developed 
t r a j e c t o r y  ana lys i s  technique t h a t  has proved t o  be 
qui te  useful i n  mission analysis.  

Low-Thrust Trajectory Considerations 

Tra jec tory  energy requirements d i c t a t e  not only 
the  amount of propellant needed but  a l s o  the  bas ic  
capab i l i t y  of a vehicle t o  perform a given mission 
prof i le .  

In  high-thrust  t r a j e c t o r y  analysis,  energy re- 
quirements a re  evaluated independent of vehicle 
cha rac t e r i s t i c s ,  using the  fami l ia r  "AV. " h t  i n  
low-thrust t r a j ec to r i e s ,  t he  energy requirements are  
Pffected by t h e  th rus t  and j e t  velocity.  Converse- 
ly, t he  required performance of vehicle subsystems, 
such a s  optimum th rus to r  j e t  ve loc i ty  and thrust ,  
are  strongly a f f ec t ed  by t r a j e c t o r y  energy require- 
ments. Therefore, the  t r a j ec to ry  calculat.icr.r. r;u*i 
usua l ly  be made an inkegr - l  pa r t  of t he  mission 
nne l j - s ID.  

When the  t o t a l  mission optimization i s  a t -  
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tempted, much in te rp lay  occurs between the  t r a j ec -  
t o ry  i t s e l f  and the  trajectory-dependent vehicle 
subsystems, thereby continuously sharpening the  
de f in i t i on  of the  desired t r a j ec to ry  and vehicle de- 
sign. 
cu la t ion  of many t r a j e c t o r i e s  f o r  low-thrust vehi- 
c l e s  i n  the  search f o r  optimum vehicle design pa- 
rameters. The t r a j ec to ry  ca lcu la t ions  must recog- 
nize ce r t a in  p rac t i ca l  cons t ra in ts  t h a t  apply t o  the  
vehicle. 

A complete mission ana lys i s  e n t a i l s  t he  cal- 

It i s  usually assumed t h a t  t he  vehicle employs 
some type of e l e c t r i c  propulsion. For maximum per- 
formance during propulsion phases, t he  vehicle 
should operate at the  maximum avai lab le  power level .  
Therefore, an immediate operating cons t ra in t  t h a t  
can be placed on the vehicle i s  t h a t  it uses a pre- 
spec i f ied  j e t  power output capabili ty.  For example, 
t r a j e c t o r y  so lu t ions  have been made f o r  a hypothet- 
i c a l  e l e c t r i c  rocket with a var iab le  t h r u s t  and j e t  
ve loc i ty  capabi l i ty  but  constrained by constant j e t  
power.1, This "variable-thrust" t r a j ec to ry  tech- 
nique leads  t o  the  bes t  possible rocket performance 
a t  any given j e t  power. 

However, t he  constant t h rus t  t h rus to r  i s  prob- 
ably more representative of ea r ly  vehicles.  There- 
fore, t he  pa r t i cu la r  low-thru& t r a j e c t o r i e s  con- 
cent ra ted  upon i n  t h i s  paper assume t h a t  t h rus to r s  
are constrained t o  operate not only a t  constant j e t  
power but  also at  constant t h rus t  and j e t  ve loc i ty  
with on-off propulsion periods.3 
the  th rus to r  simply operates a t  only one rating, o r  
not at  all. This mode of operation i s  re fer red  t o  
herein a s  "power-coast-power." Power-coast-power 
t r a j e c t o r i e s  have proved t o  be f a r  more d i f f i c u l t  t o  
analyze than var iab le- thrus t  t r a j ec to r i e s .  

In  other words, 

The requirement t h a t  the t r a j ec to ry  ac tua l ly  
represents a t r a n s f e r  between two spec i f ied  posi- 
t ions  and ve loc i t i e s  and the des i re  t h a t  the  t rans-  
f e r  be a s  e f f i c i e n t  a s  possible, ac t  as fu r the r  con- 
s t r a i n t s  i n  the  problem. These cons t ra in ts  neces- 
s i t a t e  t he  so lu t ion  of t h e  "two-point boundary value 
problem" and the  "mininum-propellant t r a j ec to ry .  " 

Trajec tory  problem become two-point boundary 
value problems when some i n i t i a l  conditions of a 
solution must be found t o  s a t i s f y  prespecified f i n a l  
conditions. Low-thrust t r a j e c t o r i e s  are character-  
ized by very long propulsion periods during which 
the t h r u s t  vector must be controlled according t o  
some s t ipu la t ed  program. 
equations of motion c a l l s  for,  except i n  the  most 
simple cases, numerical in tegra t ion  methods. The 
two-point boundary value problem must then be solvw? 
as am i n i t i a l -va lue  problem, v h e x  u complete s e t  
of v a l u ~ e  fs: uii t he  variables being in tegra ted  
must be known at  the  i n i t i a l  point. The cor rec t  
i n i t i a l  s e t  i s  only pa r t ly  known. I t e r a t i v e  guess- 
ing techniques must be employed u n t i l  t he  complete 
s e t  of i n i t i a l -po in t  var iab les  and the  required 
thrust-control program necessary t o  meet the  speci- 

Solution of t he  proper 
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f l e d  end conditions are  found. 
a t i n g  the  two-point boundary value problem f o r  low 
t h r u s t  can sometimes be made by a r b i t r a r y  po l i c i e s  
f o r  applying t h e  available accelerat ion vector  over 
t h e  propulsion period. * 9  Nonoptimum t h r u s t  vector  
control,  however, can r e s u l t  i n  excessive propel- 
lant requirements. 

Attempts at  a l l ev i -  

Each time performance cha rac t e r i s t i c s  of t h e  
vehicle  a r e  st ipulated,  along with any other  con- 
s t r a i n t s  t h a t  might be included, t he  most e f f i c i e n t  
t h r u s t  vector control program should be found. 
i s  a pa r t  of t h e  problem t h a t  i s  always present i n  
case of low-thrust propulsion. Therefore, when t h e  
term minimumpropellant t r a j ec to ry  i s  used, it s i m -  
p l y  means t h a t  the most e f f i c i e n t  appl icat ion of 
t h e  avai lable  th rus t  has been used i n  t h e  t r a j e c t o r y  
solut ion t o  minimize energy requirements. Regard- 
l e s s  of t h e  number and type of cons t r a in t s  placed on 
a t r a j e c t o r y  and vehicle, optimum ove ra l l  missions 
w i l l  be  fundamentally constructed with minimum pro- 
pe l l an t  t r a j ec to r i e s .  

When it i s  specif ied that the  r e su l t an t  t r a j ec -  
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t o r y  solut ion must have t h e  most e f f i c i e n t  thrust 
vectoring program i n  order t h a t  some measwe of ve- 
h i c l e  performance i s  optimal (e.g., minimum propel- 
lant consumption), optimization techniques such a s  
t h e  va r i a t iona l  calculus a re  needed. This i s  an ex- 
tension of t h e  low-thrust t r a j e c t o r y  problem t h a t  
has received much at tent ion.  The two-point boundary 
value problem must s t i l l  be solved with the  varia- 
t i o n a l  calculus, bu t  vehicle performance i s  s i m u l -  
taneously optimized, giving more s ignif icance t o  t h e  
t r a j e c t o r y  solution. For the  power-coast-power 
problem, t h e  th rus t  and j e t  veloci ty  a r e  held con- 
s t a n t  a t  prescribed values, while t he  va r i a t iona l  
solut ion determines t h e  optimum t h r u s t  d i r ec t ion  and 
t h e  placement of a coast  period t o  r e s u l t  i n  minimum 
propel lant  consumption. 

Typical Trajectory Character is t ics  

Figure 1 i s  an example of a "map" of varia- 
t i o n a l  power-coast-power t r a j e c t o r y  solutions.  This 
f igu re  i l l u s t r a t e s  t h e  cha rac t e r i s t i c s  of one-way 
Earth t o  Mars he l iocen t r i c  t r a n s f e r s  a t  one i n i t i a l  
t h r u s t  t o  weight r a t i o  and spec i f i c  impulse. 
l a r ,  coplanar he l iocen t r i c  o r b i t s  have been assumed 
f o r  Earth and Mars. 
t r a l  angle) i s  p lo t t ed  against  t r a v e l  time along 
contours of constant f i n a l  mass r a t i o  K/Mo. Con- 
s t a n t  f i n a l  mass r a t i o  i s  synonomous with constant 
propellant consumption and i s  a measure of t h e  en- 
ergy requirement of t he  t r a j e c t o r i e s .  Each t r a v e l  
angle and time p a i r  cons t i t u t e  a solut ion t o  a two- 
point boundary value problem with t h e  calculus  of 
variations.  For the  i l l u s t r a t e d  t h r u s t  and spec i f i c  
impulse, m y  time and angle combinations e x i s t  
within the boundary marked "all-propulsion. " 

ever, no solut ions e x i s t  outs ide the  boundary. A l l -  
propulsion, or zero coast  time, solut ions r e s u l t  
when the energy requirements a re  so severe t h a t  t h e  
th rus to r  must operate continuously over t h e  avai l -  
able  time. 

Circu- 

Travel angle (he l iocen t r i c  cen- 

How- 

Any one point on a map such a s  f igu re  1 i s  an 
optimum solution, i n  t he  sense of minimum propel lant  
consumed for the  s t a t ed  th rus t ,  spec i f i c  impulse, 
and other given operating constraints .  I f  proper 
compromises between t r a j ec to ry  energy requirements 
and vehicle performance l eve l s  a r e  t o  be made, one 
map such a s  t h i s  i s  of l imited value t o  mission 

analysis.  Each new value of t h r u s t  t o  weight r a t i o  
o r  spec i f i c  impulse r a i s e s  the need f o r  y e t  another 
map. Even at  a f ixed one-way time and angle combin- 
ation, va r i a t iona l  solut ions possess d i f f e ren t  f i n a l  
mass r a t i o s  (and, therefore,  energy requirements) 
f o r  each new t h r u s t  t o  weight r a t i o  or spec i f i c  i m -  
pulse. An example of t h e  e f f e c t  of t h r u s t  alone i s  
given in f igu re  2. 

I n  f igu re  2, a curve of f i n a l  mass r a t i o  versus 
i n i t i a l  accelerat ion (due t o  t h r u s t )  i s  shown. This 
curve i s  f o r  an arbi t rary,  f i xed  t r a v e l  angle and 
time combination with spec i f i c  impulse f ixed  a t  6000 
seconds. 

The lowest f i n a l  mass r a t i o  and i n i t i a l  accel-  
e r a t ion  recorded on t h e  curve i s  an all-propulsion 
solut ion.  Note t h a t  at t h e  low-acceleration end Of 
t he  curve, mass r a t i o  can be seen t o  vary qui te  
strongly.  This s e n s i t i v i t y  decreased markedly a s  
accelerat ion i s  increased. 

Optimum Probe and Round-Trip Missions 

With t h e  goal of low-thrust mission analysis  
i n  mind, computer programs have been developed t o  
study o rb i t i ng  probe and round-trip missions, using 
t h e  calculus  of va r i a t ions  f o r  power-coast-power 
he l iocen t r i c  t r a j ec to r i e s .  Examples of these calcu- 
l a t i o n s  a r e  discussed here. The performance chart  
of a t y p i c a l  o rb i t i ng  probe t r i p  t o  Mars is  shown i n  
f igu re  3 where f i n a l  mass r a t i o  i s  presented as a 
funct ion of i n i t i a l  accelerat ion f o r  a range of j e t  
power t o  mass r a t i o  i n  wat ts  per  kilogram. 

The problem model assumes a two-dimensional 
s o l a r  system with the  planets  i n  c i r cu la r  o r b i t s  
about t he  Sun. The mission t r a j e c t o r y  i s  ac tua l ly  a 
"patched" sequence of two-body planetocentr ic  and 
he l iocen t r i c  phases. The he l iocen t r i c  va r i a t iona l  
t r a j e c t o r i e s  begin and end with t h e  vehicle  i n  c i r -  
cu l a r  o r b i t  about t h e  Sun a t  each respect ive planet-  
Sun radius .  Low-thrust planetocentr ic  escape and 
capture phases a r e  included i n  t h i s  mission. The 
mission commences with the  probe vehicle  i n  low or- 
b i t  about t he  Earth and ceases with it i n  low o r b i t  
about Mars, hence, t h e  term "orbi t ing probe. " Much 
simplif icat ion i s  introduced by t h e  assumption t h a t  
near-planet escape and capture maneuvers a r e  two- 
body t r a j e c t o r i e s  ( s p i r a l s )  influenced only by t h e  
planet  i n  question. It i s  assumed t h a t  t h e  planet  
ceases t o  exer t  influence when the  vehicle  i s  at  
escape energy, because, f o r  low th rus t ,  escape oc- 
curs  a t  l a rge  r a d i i  r e l a t i v e  t o  t h e  planets.  
calculat ions of t h e  s p r i a l s  could be lengthy. Much 
time is  saved by using precalculated generalized 
s p i r a l  solut ions4 t o  which empirical  curves have 
been f i t t e d .  I n  t h i s  way, t h e  appropriate time and 
propel lant  consumption of each s p i r a l  maneuver may 
be charged t o  t h e  mission. 

Actual 

Trajectory ca l cu la t ions  f o r  optimum orb i t i ng  
probe missions make f u r t h e r  use of t h e  calculus  of 
va r i a t ions  t o  ensure t h a t  t h e  most optimum hel io-  
cen t r i c  t r a v e l  angle i s  used f o r  any s t ipu la t ed  t r a -  
v e l  time. I n  t h i s  way, t r a v e l  angle i s  not an inde- 
pendent parameter f o r  optimum probe missions. 
p a r t i c u l a r  map shown i n  f igu re  3 is  f o r  a spec i f i ed  
t o t a l  time of 300 days from low Earth o r b i t  t o  a low 
Mars o rb i t .  

The 

The boundary curve a t  t h e  l e f t  s ide of t h e  
cha r t  cons i s t s  of all-propulsion solutions.  This 
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boundary represents t he  lowest possible acceleration 
t h a t  m ~ y r  be used a t  each j e t  power t o  mass rat io .  

I n  f igure  4, t he  same problem model and tech- 
nique has been used t o  generate p e r f o m n c e  maps f o r  
optimum round t r i p s  t o  Mars. Each char t  of t h i s  
type i s  f o r  a given mission time (from low Earth or- 
b i t  back t o  low Earth o r b i t )  and w a i t  time ( i n  low 
Mars orb i t ) ,  i n  t h i s  case 380 and 10 days, respec- 
t ive ly .  Agsin, low-thrust planetocentric s p i r a l s  
a r e  included i n  the  solutions.  The round t r i p  f i n a l  
mass r a t i o  Mf/M, i s  shown as a function of i n i -  
tial acce lera t ion  along l i n e s  of constant j e t  power 
t o  mass. 

There i s  a major difference between t ra jec tory  
ca lcu la t ions  f o r  optimum round t r i p s  and f o r  opti- 
mum probes t h a t  i s  not obvious i n  f igure  4. In the 
round-trip problem, t h e  calculus of var ia t ions  is 
fu r the r  applied t o  r e su l t  i n  t he  optimum pa i r  of 
outbound and re turn  va r i a t iona l  t r a j e c t o r i e s  i n  such 
a way t h a t  propellant requirements f o r  t he  complete 
t r i p  be minimized. Therefore, he l iocent r ic  t r ave l  
angles of the  outbound and re turn  t r a j e c t o r i e s  do 
not correspond t o  optimum probe cases. Each point 
on t h e  round-trip map represents the  bes t  possible 
combination of t r a v e l  time and angle f o r  outbound 
and r e tu rn  minimum-propellant t r a j e c t o r i e s  for t he  
given problem model, mission prof i le ,  and operating 
cons t ra in ts .  

A s  with the  o rb i t i ng  probe, a boundary curve 
appears a s  a cha rac t e r i s t i c  of these  charts.  For 
t he  case shown here, an all-propulsion t r a j ec to ry  on 
the outbound l e g  of t he  round-trip mission estab- 
l i s h e s  a lower l i m i t  of possible acce lera t ion  t o  ac- 
complish the  t r i p  at  each power t o  mass ra t io .  

J e t  power t o  mass r a t i o  i s  used as a f i e l d  pa- 
rameter on both round-trip and probe maps r a the r  
than spec i f i c  impulse; however, t h i s  is a completely 
a r b i t r a r y  choice. 
t o  mass, a spec i f ic  impulse ( j e t  ve loc i ty)  i s  de- 
fined, since Je t  power i s  d i r e c t l y  proportional t o  
th rus t  and j e t  velocity.  

A t  each power t o  mass and th rus t  

Terminal ca lcu la t ions  of necessary vehicle com- 
ponent weights can be applied t o  bas ic  mission per- 
formance charts,  such a s  f igu res  3 and 4, t o  r e s u l t  
i n  near ly  exact r e l a t ions  between vehicle gross 
weight and useful payload. A sophis t ica ted  view of 
those components may be taken, such as ion  th rus to r s  
with an ef f ic iency  r e l a t e d  t o  spec i f ic  impulse, en- 
gine weight r e l a t ed  t o  thrust ,  and, of course, elec- 
t r i c  powerplant weight r e l a t ed  t o  power. 

It would be most des i rab le  t o  base a l l  low- 
t h rus t  mission s tudies  on accurate va r i a t iona l  t r a -  
jec tor ies ;  however, experience has shown t h a t  ambi- 
t i ous  mission s tudies  with va r i a t iona l  power-coast- 
power t r a j e c t o r i e s  involve lengthy ard, t'nerefore, 
cos t ly  computer calculation. Although they do add 
t o  the  complexity of t h e  problem, va r i a t iona l  tra- 
jec tory  methods a re  not t he  chief source of d i f f i -  
culty.  The major problem area  i s  the  need f o r  re- 
peated so lu t ions  of the  ever-present two-point 
boundary value problem with numerically in tegra ted  
t r a j e c t o r i e s .  Whatever t h e  major source of d i f f i -  
culty, preliminary design s tudies  f o r  low-thrii-t 
missions are too  often hlr.?cred by t h e  complexity of 
t he  t r a j cczo ry  calculations.  The e f f e c t s  of changes 
i n  mission prof i le ,  such as d i f f e ren t  parking o r b i t  
r ad i i ,  mission and w a i t  times, and superc i rcu lar  
aerodynamic r een t ry  options, become very d i f f i c u l t  
t o  evaluate.  

I f  guide l i n e s  for  the  f e a s i b i l i t y  and design 
requirements of low-thrust vehicles a re  t o  be drawn, 
t r a j ec to ry  ca lcu la t ions  must be avai lab le  with 
higher speed and f l e x i b i l i t y .  Fas te r  and simpler 
t r a j ec to ry  so lu t ion  approaches, even with the  admis- 
sion of some degree of error ,  would allow a wide- 
range ana lys i s  of many important areas i n  the  over- 
all mission problem. 

Approximation by Correlation 

Approximate t r a j ec to ry  solutions can play an 
important ro l e  i n  the  low-thrust mission problem i f  
such so lu t ions  can s a t i s f y  the  speed and f l e x i b i l -  
i t y  requirements already mentioned. Some degree of 
approximation i s  always involved i n  any calculation, 
as evidenced i n  the  discussion of t h e  probe and 
round-tripproblem model. Large e r ro r s  should be 
avoided, but extreme precision i s  not required when 
slower but  more exact methods are  ava i lab le  f o r  
backup calculations.  

What i s  described i n  the  following section i s  
a new technique of obtaining approxlmate so lu t ions  
t o  va r i a t iona l  t r a j e c t o r y  problems. A fundamental 
point t o  make here i s  t h a t  t h i s  method does not in- 
volve approximate so lu t ions  t o  equations of motion 
f o r  a va r i a t iona l  t r a j e c t o r y  problem. Instead, t he  
pr inc ipa l  idea i s  t o  develop general r e l a t ions  among 
the  various "modes" of rocket operation based on the  
dynamics of t h e i r  t r a j ec to ry  solutions.  These modes 
of rocket operation may be impulsive (very high 
t h r u s t ) ,  constant acceleration, constant t h rus t  and 
j e t  ve loc i ty  (power-coast-power), constant J e t  power 
with var iab le  th rus t ,  and others. I n  t h i s  way, any 
one so lu t ion  of a given t r a j ec to ry  problem by a 
spec i f i c  mode of rocket operation may be used a s  a 
reference. Energy requirements of the  given tra- 
jec tory  problem f o r  other operating modes are  ob- 
t a ined  by corre la t ion  with the  reference mode solu- 
t ion,  using the  appropriate dynamic re la t ions .  
Hence, a more descr ip t ive  term f o r  t h i s  method is 
correlation. 

The necessary r3ynami.c r e l a t ions  w i l l  be based 
on ana ly t i c  so lu t ions  of a simple problem. 
sult w i l l  be a "linking parameter" t h a t  is used i n  
an analogous manner a s  the  f a d l i a r  AV of high- 
th rus t  t r a j ec to ry  analysis.  
ac tua l ly  replace AV because it is  a near-invariant 
f ac to r  within and among high- and low-thrust modes 
of operation. 

The re- 

This parameter can 

Charac te r i s t ic  Velocity and Length Increments 

The cha rac t e r i s t i c  ve loc i ty  increment AV i s  
When a fami l ia r  parameter of t r a j e c t o r y  analysis.  

used a s  an invar ian t  of t r a j ec to ry  so lu t ions  i n  t h e  
case of high-thrust t r a j ec to ry  analysis, propellant 
requirements, and vehicle performance are gene rd -  
ized with respec t  t o  j e t  velocity.  However, AV has 
not been as usefu l  i n  low-thrust t r a j ec to ry  ana lys i s  
because it is  apparently a hig>CLy variable function 
of the t h r u s t  or mode of rocket operation. 

I n  ac tua l i ty ,  A'; i s  the  ve loc i ty  increment 
t na t  a rocket would experience on a r e c t i l i n e a r  
f l i g h t  path i n  f ie ld- f ree  space. 
d i rec t ly  t raceable  back t o  the  so-called idea l  
rocket equation, which i s  the  equation of m t i o n  i n  
t h i s  system: 

This de f in i t i on  i s  

a- - _--_ 



dV = a d t  ( l a )  

where V i s  velocity,  a i s  accelerat ion due t o  
th rus t ,  and t i s  time. Alternatively,  

dV = at m 

where F i s  th rus t  and m i s  mass, and so 

An equivalent AV can be evaluated f o r  any t r a j ec -  
t o r y  solut ion by using appropriate expressions f o r  
t h e  time in t eg ra l  of accelerat ion magnitude. For 
example, a famllinr expression f o r  AV is, 

Mf 
MO 

AV = -vJ I n  - (3) 

where vJ i s  j e t  velocity.  Equation (3) i s  simply 
a solut ion of equation ( 2 )  f o r  constant thrust and 
j e t  veloci ty .  

Every r e c t i l i n e a r  t r a j e c t o r y  a l s o  has a defin- 
able  cha rac t e r i s t i c  length increment L. 

L =  f V d t  ( 4 )  

This concept of a cha rac t e r i s t i c  length incre- 
ment L i s  important i n  the ensuing development of 
simple dynamic r e l a t ions  among various modes of 
rocket operation. 

It w i l l  be shown i n  the  solut ion of simple 
rest - to-rest ,  r e c t i l i n e a r  t r a j e c t o r i e s  In  f i e ld - f r ee  
space, t h a t  basic energy requirements depend on t h e  
mode of rocket operation, t r a v e l  time, and L. I n  
t h l s  way, the dynamics of all modes of operation can 
be in t e r r e l a t ed  through L snd t r a v e l  time T. 

Expressions of t h i s  type a re  e a s i l y  developed 
f o r  t h i s  simple proble Similar forms have been 
used by other authors.’j7 The contr ibut ion of t h i s  
paper i s  i n  the fu r the r  appl icat ion of such expres- 
s ions i n  a correlation-approximation method. 

A s  with AV, an equivalent L can then be 
evaluated fo r  any t r a j ec to ry  solut ion i n  t h e  
Inverse-square force f i e ld .  It w i l l  be shown t h a t  
if t h i s  equivalent L i s  t r e a t e d  as an invariant  of 
t h e  t r a j ec to ry  problem, it becomes the  l inking pa- 
rameter mentioned ea r l i e r .  

A straightforward procedure f o r  co r re l a t ing  
t r a j e c t o r y  energy requirements between any two modes 
of rocket opcration can be e a s i l y  constructed with 
r e l a t ions  between L and propulsive requirements. 

The f i r s t  s t ep  i s  a reference solut ion of t he  
spec i f i c  t r a j ec to ry  problem i n  the  inverse-square 
force f i e l d  by any favored mode of rocket operation. 
A point t ha t  must be emphasized here i s  t h a t  the 
reference-mode solut ion must pe r t a in  t o  t h e  same 
t r a j ec to ry  problem t h a t  i s  of i n t e r e s t  i n  t h e  new 
mode. Travel t i m e ,  t r a v e l  angle, i n i t i a l  and f i n a l  
pgsi t ions and v l o c i t i e s  m u s t  agree.  lyie second 
s t e p  i s  the eValub1tlOn of equivalent L from the  
appropriate propulsive enrrgy rcqulremcnt r e l a t i o n  
f o r  the reference mode. Thc f i n a l  procedure 1 s  the  
evaluation of propulSiVc rcquircments i n  t h e  new 
mode based on the use of thr3 cha rac t e r i s t i c  length 
with the appropriate dynam-lc r e l a t ion .  

A l l  t h a t  i s  required fu r the r  a re  r e l a t i o n s  be- 
tween L and propulsive requirements f o r  each mode 
of rocket operation f o r  r ec t i l i nea r ,  f i e l d  free,  
res t - to-rest ,  and t r a j e c t o r y  solutions.  

Rect i l inear  Trajectory Solutions 

I n  f igu re  5, two simple examples of r e c t i l l n -  
ear, f ie ld-free,  res t - to-rest  t r a j e c t o r y  solut ions 
a r e  developed. The f i r s t  (a)  i s  f o r  i n f in i t e - th rus t  
o r  impulsive-thrust solutions,  while t h e  second (b) 
i s  representat ive of low-thrust solutions.  For s i m -  
p l i c i ty ,  t h e  low-thrust example i s  f o r  constant ac- 
celerat ion without a coast  period. 

The in f in i t e - th rus t  solut ion i s  shown graphi- 
c a l l y  by i t s  veloci ty  chronology. 
h i s to ry  i s  not shown since it only cons i s t s  of two 
i n f i n i t e  impulses. 
accelerat ion changes t h e  veloci ty  from zero t o  
V- which i s  the  value required t o  br ing the  
rocket t o  posi t ion L a t  time T. The rocket pro- 
ceeds a t  constant ve loc i ty  V,, u n t i l  time T, 
when it is  brought back t o  r e s t  instantaneously by 
applying a second impulse equal t o  V-. There- 
fore, f o r  t h e  impulsive-thrust  solution: 

The accelerat ion 

The f i r s t  impulse with i n f i n i t e  

L=V,,T ( 5 )  

and 

With constant acceleration, veloci ty  va r i e s  
Since it has been specif ied l i n e a r l y  with time. 

t h a t  t he re  be zero ve loc i ty  a t  t h e  terminals and no 
coast  phase, t h e  veloci ty  diagram must be an isos- 
celes  t r i ang le .  The ve loc i ty  increases  l i n e a r l y  
from zero t o  V- a t  half  time TI2 and then must 
decrease l i n e a r l y  t o  zero again at  time T. TO ac- 
complish t h i s ,  t h e  accelerat ion must be directed 
forward f o r  half  t h e  t r i p  and then reversed f o r  t h e  
remaining half .  

Since L i s  t h e  area of t h e  veloci ty  t r i ang le ,  
it can be shown t o  be a functton of t he  peak veloc- 
i t y  V,, and T: 

T L = Vmax 7 ( 7 )  

V- i s  t h e  product of accelerat ion and T/2: 

T V - = a 7  

Combining equations ( 7 )  and (8)  shows t h e  nec- 
essary accelerat ion t o  depend upon L and T: 

4L a = -  
T2 

Previously, AV has been defined a s  t h e  t o t a l  
i n t e g r a l  of t h e  accelerat ion magnitude. 
case, f o r  constant accelerat ion then 

I n  t h i s  

(10) 
A V =  f a d t = a T = -  4L 

T 

If the  r e s u l t  of equation (10) is  compared with 
t h e  corresponding r e s u l t  f o r  t he  impulsive solut ion 
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i n  equation (6), it i s  seen t h a t ,  f o r  these r ec t i -  
l i n e a r  t r a j ec to ry  problems, t he  AV f o r  a constant- 
acce le ra t ion  no-coasting so lu t ion  i s  simply twice 
the  AV of the  impulsive-thrust solution of the 
same t r a j ec to ry  problem. This observation provided 
the  fundamentals f o r  t he  co r re l a t ion  so lu t ion  of 
inverse-square force f i e l d  t r a j ec to ry  problems, be- 
cause t h i s  predicted r e l a t i o n  holds nearly t r u e  f o r  
inverse-square t r a j ec to ry  solutions.  Note the  f ac t  
t h a t  
100 percent, i f  it is  assumed t h a t  the  equivalent L 
of a t r a j ec to ry  problem i s  an invariant.  

AV has been shown t o  vary by a s  much a s  

With l i t t l e  d i f f i cu l ty ,  equations t h a t  r e l a t e  
t he  equivalent cha rac t e r i s t i c  length  t o  propulsive 
energy requirements may be derived f o r  o ther  modes 
of rocket operation. 
without development: 

Constant acce lera t ion  with coasting: 

A few a r e  summarized here, 

4L AV =- T + t, 

where tc is coast time. AV var i e s  inversely with 
coast  time. I f  coast time is  zero, equation (12) 
reduces t o  equation (10). 
equal t o  T, equation ( 1 2 )  reduces t o  equation ( 6 ) .  

Constant t h rus t  and constant j e t  ve loc i ty  al l-  
propulsion (no coast):  

I f  coast  time is  made 

AV = 2vJ I n  k: - ;) 
where a. i s  i n i t i a l  acceleration, VJ i s  j e t  ve- 
l oc i ty ,  and T i s  t r a n s f e r  time. With constant 
t h r u s t  and j e t  velocity,  mass flow r a t e  i s  constant 
and therefore  acce lera t ion  a m u s t  be t r e a t e d  as a 
var iab le .  
j e t  ve loc i ty  i s  simply a spec ia l  case of t h e  power- 
coast-power mode. For all-propulsion cases, t he  a. 
i s  dependent on L, vJ, and T because the  coast  
time i s  spec i f ied  a s  zero. 
eva lua te  the  minimum a. and t h e  maximm AV of 
constant-thzust t r a j e c t o r i e s  when cha rac t e r i s t i c  
length  i s  known. 

Constant t h r u s t  and constant j e t  ve loc i ty  
power-coast-power (with coast) :  

All-propulsion with constant t h r u s t  and 

Equations (14) and (15) 

where tp i s  propulsion time. Equation ( 1 7 )  i s  de- 
r ived  from equation (16 )  and requires an i t e r a t i v e  
so lu t ion  f o r  AV when L, T, vJ, and a, a re  
given. 

Constant j e t  power with variable thrust :  

L =@ 

where J E .f a2 dt .  

Equation (18) can serve t o  determine equivalent 
cha rac t e r i s t i c  length of a t r a j ec to ry  problem based 
on var iab le  t h r u s t  so lu t ions  i n  the  inverse-square 
force  f i e l d .  

A discussion of variable th rus t  t r a j e c t o r i e s  
i s  beyond t h e  scope of t h i s  paper. 
and (19) have nevertheless been included because 
var iab le- thrus t  t r a j ec to ry  so lu t ions  a re  a poten- 
t i a l l y  good source of reference values of character-  
i s t i c  length, s ince  they a re  more e a s i l y  obtained 
than power-coast-power solutions.  

Equations (18) 

Alternate parametric forms of equations (11) 
t o  (19)  can be developed i f  desired. 

Accuracy Comparisons 

l- In  f igu re  6, t he  approximation i s  compared with 
ac tua l  calculus of var ia t ions  so lu t ions  f o r  one-way 
he l iocent r ic  t r a j e c t o r i e s  from Earth t o  Mars. With 
t r a v e l  angle and time fixed, a curve of ac tua l  solu- 
t i ons  i s  shown f o r  power-coast-power t r a j e c t o r i e s  
with spec i f ic  impulse f ixed  a t  6000 seconds. This 
curve jo ins  with another curve cons is t ing  of all- 
propulsion so lu t ions  along which spec i f i c  impulse 
var ies  between 1000 seconds and in f in i ty .  The 
equivalent AV evaluated from the  j e t  ve loc i ty  and 
the ac tua l  mass r a t i o  i s  shown f o r  a wide range of 
i n i t i a l  acce le ra t ion  from l e s s  than lom3 meters per 
second squared t o  in f in i ty .  The approximate curves 
shown here f a i t h f u l l y  follow the  cha rac t e r i s t i c s  of 
the "exact" solutions.  All the  approximate AV's 
shown a re  ca lcu la ted  from equations (15) and (17) .  
The equivalent L w a s  obtained from the  impulsive 
( in f in i t e - th rus t )  so lu t ion  of the  same problem by 
using equation (E ) .  

Since the  length was evaluated from an 
impulsive-thrust solution, e r ro r s  i n  AV a re  la rg-  
e s t  a t  t he  extremely low acce lera t ions  and a r e  zero 
when acce lera t ion  i s  i n f i n i t e .  

The implementation of t h e  cor re la t ion  method 
presented i s  dependent on the  assumed invariancy of 
equivalent cha rac t e r i s t i c  length i n  ac tua l  lnverse- 
square t r a j e c t o r y  solutions.  In  the  ac tua l  case, L 
i s  not t r u e l y  invar ian t ,  and t h i s  i s  the  source of 
errors  i n  the  cor re la t ion .  Equivalent L, f o r  a 
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given t r a j e c t o r y  problem, i s  known t o  vary s l i g h t l y  
between d i f f e ren t  modes of operation. Also, L 
va r i e s  within a given mode of operation. Figure 7 
i l l u s t r a t e s  t h e  var ia t ion of cha rac t e r i s t i c  length 
within a mode f o r  power-coast-power t r a j e c t o r y  so- 
lu t ions .  The actual  equivalent L, i n  meters, f o r  
a f ixed t r a j e c t o r y  problem i s  shown t o  vary with 
i n i t i a l  acceleration. Equation (16) has been used 
with t h e  da t a  from f igure 2 t o  produce the  ac tua l  
equivalent length a t  each acceleration. Note t h a t  
L va r i e s  by about 6 percent between t h e  all- 
propulsion and i n f i n i t e  t h rus t  cases. Most of t he  
va r i a t ion  i n  L takes  place a t  low accelerat ions 
(below 10-2 m/sec2). 

The most accurate evaluation of L would be 
obtained from a low-thrust solut ion t h a t  i s  close 
t o  t h e  pa r t i cu la r  area of i n t e re s t .  
t h r u s t  solution, however, i s  current ly  t h e  only 
ava i l ab le  means of solving the  boundary value prob- 
l e m  with r e a l  speed and f l e x i b i l i t y .  
usable value of cha rac t e r i s t i c  length f o r  approxima- 
t i o n s  t o  t h e  low-thrust solut ion a t  a speed far be- 
yond any other  solut ion method known. Therefore, 
f o r  t h e  most approximate but a l so  t h e  most useful  
appl icat ion of t h i s  method t o  date, L i s  being 
evaluated from simple impulsive-thrust t r a n s f e r s  
with two-body conic sections.  

The i n f i n i t e -  

It y ie lds  a 

The correlat ion method may be used with i n  
in f in i t e - th rus t  t r a j e c t o r y  solut ions t o  produce op- 
t i m u m  probe and optimum round-trip performance 
cha r t s  such as i l l u s t r a t e d  i n  f igu res  3 and 4. The 
co r re l a t ion  i s  not i n  i t s e l f  a va r i a t iona l  solution, 
so t r ia l -and-error  methods a r e  used t o  obtain opt i -  
mum t r a j ec to ry  parameters. Nevertheless, t h e  use of 
t h e  correlat ion i n  t h i s  way provides a speed advan- 
tage of about 20 t o  1 when compared with t h e  time 
required t o  produce t h e  va r i a t iona l  data. 
course, errors  i n  f i n a l  mass r a t i o  a r e  presented i n  
any mission performance chart  generated wlth t h i s  
use of t h e  correlat ion method, s ince L is obtained 
from impulsive-thrust solutions.  Errors  i n  f i n a l  
mass a r e  l a rges t  f o r  all-propulsion solutions.  A 
t y p i c a l  maximum e r r o r  i n  f i n a l  mass f o r  Earth-Mars 
t r a j e c t o r i e s  is about 5 percent of t h e  i n i t i a l  mass. 

O f  

CONCLUDING REMARI(S 

Trajectory calculat ions a r e  shown t o  be a dif-  
f i c u l t ,  but necessar i ly  in t eg ra l ,  pa r t  of mission 
analysis  f o r  low-thrust vehicles.  Although “exact” 
va r i a t iona l  t r a j e c t o r y  s tud ie s  can be made, much 
time i s  consumed, which makes extensive appl icat ion 
of these methods prohibit ive.  

A correlat ion approach f o r  evaluating t r a j ec -  
t o r y  energy requirements has been described t h a t  
s a t i s f i e s  t he  need f o r  rapid, a l b e i t  approximate, 
t r a j ec to ry  analysis  techniques. 
t h i s  correlat ion method has shown a 20 t o  1 speed 
advantage i n  performing t ra3ectory analysis .  
culat ion speed advantage f o r  t he  co r re l a t ion  a p  
proach i s  even fu r the r  enhanced by being l e s s  com- 
p l i ca t ed  t o  use than numerically integrated varia- 
t i o n a l  t r a j ec to ry  methods. 
i n  adaptation t o  various mission p r o f i l e s  of i n t e r -  
e s t .  

One appl icat ion of 

A cal-  

It i s  a l s o  more f l e x i b l e  

More importantly, the high-speed approximate 
t r a j e c t o r y  solut ion r ead i ly  lends i t s e l f  t o  a l l -  
inclusive mission analysis  techniques t h a t  go beyond 
mere t r a j ec to ry  analysis.  The magnitude of the low- 

t h r u s t  t r a j e c t o r y  problem has been markedly reduced. 
Hence, approximate t r a j e c t o r y  calculat ion methods 
and r e a l i s t i c  performance funct ions f o r  vehicle  sub- 
systems are  e a s i l y  included i n  a mission analysis  
computer program wherein preliminary vehicles  and 
mission p r o f i l e s  may be analyzed and optimized. 
Such a program is i n  use and has shown an e f f ec t ive  
speed advantage of 100 t o  1 over mission analysis  
based on va r i a t iona l  t r a j e c t o r y  methods. 
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Fig. 6.  - Com3arison of variational and approximate solutions. One-way 

heliocentric trajectory to Mars. Travel time, 140 days; travel angle, 
1.8 radians. 
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F i g .  7 .  - V a r i a t i o n  of e q u i v a l e n t  l e n g t h .  One-way h e l i o c e n t r i c  t r a j e c -  

t o r y  t o  Mars. T r a v e l  t ime,  140 d a y s ;  t r a v e l  a n g l e ,  1 .8  r a d i a n s .  


